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THE MAPPING CLASS GROUPS OF REDUCIBLE HEEGAARD
SPLITTINGS OF GENUS TWO
SANGBUM CHO AND YUYA KODA
Abstract. The manifold which admits a genus-2 reducible Heegaard splitting is one of
the 3-sphere, S2×S1, lens spaces and their connected sums. For each of those manifolds
except most lens spaces, the mapping class group of the genus-2 splitting was shown
to be finitely presented. In this work, we study the remaining generic lens spaces,
and show that the mapping class group of the genus-2 Heegaard splitting is finitely
presented for any lens space by giving its explicit presentation. As an application, we
show that the fundamental groups of the spaces of the genus-2 Heegaard splittings of
lens spaces are all finitely presented.
Introduction
It is well known that every closed orientable 3-manifold M can be decomposed into
two handlebodies V and W of the same genus g for some g ≥ 0. That is, V ∪W = M
and V ∩ W = ∂V = ∂W = Σ, a genus-g closed orientable surface. We call such a
decomposition a Heegaard splitting for the manifold M and denote it by (V,W ; Σ). The
surface Σ is called the Heegaard surface of the splitting, and the genus of Σ is called the
genus of the splitting. The 3-sphere admits a Heegaard splitting of each genus g ≥ 0,
and a lens space a Heegaard splitting of each genus g ≥ 1.
The mapping class group of a Heegaard splitting for a manifold is the group of isotopy
classes of orientation-preserving diffeomorphisms of the manifold that preserve each of
the two handlebodies of the splitting setwise. We call such a group the Goeritz group of
the splitting, or a genus-g Goeritz group when the splitting has genus g as well. Further,
when a manifold admits a unique Heegaard splitting of genus-g up to isotopy, we call the
Goeritz group of the splitting simply the genus-g Goeritz group of the manifold without
mentioning a specific splitting. We note that the mapping class group of a Heegaard
splitting is a subgroup of the mapping class group of the Heegaard surface.
It is important to understand the structure of a Goeritz group, in particular, a finite
generating set or a finite presentation of it if any. For example, using a finite presentation
of the genus-2 Goeritz group of the 3-sphere given in [11], [23], [1] and [4], it is constructed
a new theory on the collection of the tunnel number-1 knots in [10]. Further, it has been
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an open problem whether the fundamental groups of the spaces of genus-2 Heegaard
splittings of lens spaces are finitely generated/presented or not, see [17]. If the genus-2
Goeritz groups are shown to be finitely presented, then so are those fundamental groups.
In [6] a finite presentation of the genus-2 Goeritz group of S2 × S1 was obtained, and
in [7] finite presentations of the genus-2 Goeritz groups were obtained for the connected
sums whose summands are S2 × S1 or lens spaces. We refer the reader to [15], [16],
[24], [18] and [9] for finite presentations or finite generating sets of the Goeritz groups of
several Heegaard splittings and related topics.
For the genus-2 Goeritz groups of lens spaces, finite presentations are obtained only for
a small class of lens spaces in [5] and [8]. That is, for the lens spaces L(p, q), 1 ≤ q ≤ p/2,
under the condition p ≡ ±1 (mod q). In this work, we study the remaining generic lens
spaces, the case of p 6≡ ±1 (mod q). We show that the genus-2 Goeritz group of each of
those lens spaces is again finitely presented and obtain an explicit presentation, which is
introduced in Theorem 4.8 in Section 4. The manifold which admits a genus-2 reducible
Heegaard splitting is one of the 3-sphere, S2× S1, lens spaces and their connected sums.
Therefore, Theorem 4.8 together with the previous results mentioned above implies the
following.
Theorem 0.1. The mapping class group of each of the reducible Heegaard splittings of
genus-2 is finitely presented.
In other words, the theorem says that the mapping class groups of genus-2 Heegaard
splittings of Hempel distance 0 are all finitely presented. It is shown in [20] and [16] that
the mapping class groups are all finite for the Heegaard splittings of Hempel distance
at least 4. The mapping class groups of the splittings of Hempel distances 2 and 3 still
remain mysterious. (Here note that there are no genus-2 splittings of Hempel distance
1.)
To obtain a presentation of the Goeritz group, we have constructed a simply connected
simplicial complex on which the group acts “nicely”, in particular, so that the quotient
of the action is a simple finite complex. And then we calculate the isotropy subgroups
of each of the simplices of the quotient, and express the Goeritz group in terms of those
subgroups.
For the genus-2 Heegaard splitting (V,W ; Σ) of a lens space L(p, q) with 1 ≤ q ≤ p/2,
we have constructed the primitive disk complex, denoted by P(V ), whose vertices are
defined to be the isotopy classes of the primitive disks in the handlebody V . In [8], the
combinatorial structure of the complex P(V ) are fully studied and it was shown that
P(V ) is simply connected, in fact contractible, under the condition p ≡ ±1 (mod q), and
is used to obtained the presentation of the Goeritz group. In the case of p 6≡ ±1 (mod q),
the complex P(V ) is no longer simply connected. In fact, it consists of infinitely many
tree components isomorphic to each other. In the present paper, we will construct a new
simplicial complex for this case, which we will call the “tree of trees”, whose vertices are
the tree components of P(V ).
In Section 1, it will be briefly reviewed the primitive disk complex P(V ) for the genus-
2 Heegaard splitting of each lens space. In Section 2, we construct the complex “tree
of trees” for the case of p 6≡ ±1 (mod q) and develop some related properties that we
need. In the main section, Section 4, the action of the Goeritz group on the tree of trees
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will be investigated to obtain the presentation of the group. Right before Section 4, the
simplest example of our case p 6≡ ±1 (mod q), the lens space L(12, 5), will be studied
in detail in Section 3 as a motivating example. In the final section, we show that the
fundamental groups of the spaces of genus-2 Heegaard splittings of lens spaces are all
finitely presented (up to the Smale Conjecture for L(2, 1)).
We use the standard notation L = L(p, q) for a lens space. We refer [22] to the reader.
The integer p can be assumed to be positive. It is well known that two lens spaces L(p, q)
and L(p′, q′) are diffeomorphic if and only if p = p′ and q′q±1 ≡ ±1 (mod p). Thus, we
will assume 1 ≤ q ≤ p/2 for the lens space L(p, q). Note that each lens space admits
a unique Heegaard splitting of each genus g ≥ 1 up to isotopy by [3]. Throughout the
paper, any disks in a handlebody are always assumed to be properly embedded, and
their intersection is transverse and minimal up to isotopy. In particular, if a disk D
intersects a disk E, then D ∩E is a collection of pairwise disjoint arcs that are properly
embedded in both D and E. For convenience, we will not distinguish disks (or union of
disks) and diffeomorphisms from their isotopy classes in their notation. Finally, Nbd(X)
will denote a regular neighborhood of X and cl(X) the closure of X for a subspace X of
a space, where the ambient space will always be clear from the context.
1. The primitive disk complexes
1.1. The non-separating disk complex for the genus-2 handlebody. Let V be
a genus-2 handlebody. The non-separating disk complex, denoted by D(V ), of V is a
simplicial complex whose vertices are the isotopy classes of non-separating disks in V
such that a collection of k + 1 vertices spans a k-simplex if and only if it admits a
collection of representative disks which are pairwise disjoint. We note that the disk
complex D(V ) is 2-dimensional and every edge of D(V ) is contained in infinitely but
countably many 2-simplices. In [19], it is proved that D(V ) and the link of any vertex of
D(V ) are all contractible. Thus, the complex D(V ) deformation retracts to a tree in its
barycentric subdivision spanned by the barycenters of the 1-simplices and 2-simplices,
which we call the dual tree of D(V ). See Figure 1. We note that each component of any
full subcomplex of D(V ) is contractible.
Figure 1. A portion of the non-separating disk complex D(V ) of a
genus-2 handlebody V with its dual tree.
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Let D and E be non-separating disks in V and suppose that the vertices of the disks
in D(V ), which we denote by D and E again, are not adjacent to each other, that is,
D ∩ E 6= ∅. In the barycentric subdivision of D(V ), the links of the vertices D and E
are disjoint trees. Then there exists a unique shortest path in the dual tree of D(V )
connecting the two links. Let v1, w1, v2, w2, . . . , wn−1, vn be the sequence of vertices of
this path. We note that each vi is trivalent while each wi has infinite valency in the dual
tree. Let ∆1, ∆2, . . . ,∆n be the 2-simplices of D(V ) whose baricenters are the trivalent
vertices v1, v2, . . . , vn respectively. We call the full subcomplex of D(V ) spanned by
the vertices of ∆1, ∆2, . . . ,∆n the corridor connecting D and E and we denote it by
C{D,E} = {∆1,∆2, . . . ,∆n}. See Figure 2. Let E∗ and E∗∗ be the two vertices of ∆1
other than E. We call the pair {E∗, E∗∗} the principal pair of E with respect to D for
the corridor C{D,E}.
D
D˜ E∗
E∗∗
E
∆1
∆2∆3
∆4
∆5
∆6∆7
∆8
∆9
Figure 2. The corridor connecting D and E.
LetD and E be non-separating disks in V . We assume thatD intersects E transversely
and minimally. Let C be an outermost subdisk of D cut off by D ∩ E, that is, C is a
disk cut off from D by an arc α of D ∩ E in D such that C ∩ E = α. The arc α cuts
E into two disks, say F1 and F2. Then we have two disjoint disks E1 and E2 which are
isotopic to the disks F1 ∪C and F2 ∪C respectively. We note that each of E1 and E2 is
isotopic to neither E nor D, and each of E1 and E2 has fewer arcs of intersection with
D than E had since at least the arc α no longer counts, as D and E are assumed to
intersect minimally. Further, it is easy to check that both E1 and E2 are non-separating,
and these two disks are determined without depending on the choice of the outermost
subdisk of D cut off by D ∩ E (this is a special property of a genus-2 handlebody). We
call the disks E1 and E2 the disks from surgery on E along the outermost subdisk C or
simply the disks from surgery on E along D.
Let D, E and E0 be non-separating disks in V . Assume that E and E0 are non-
separating disks in V which are disjoint and are not isotopic to each other, and that D
intersects E ∪ E0 transversely and minimally. In the same way to the above, we can
consider the surgery on E∪E0 along an outermost subdisk of D cut off by D∩ (E∪E0).
In fact, one of the two resulting disks from the surgery is isotopic to either E or E0, and
the other, denoted by E1, is isotopic to none of E and E0 (this is also a special property
of a genus-2 handlebody). We call the disk E1 the disk from surgery on E ∪E0 along D.
(If D is already disjoint from E ∪ E0, then define simply E1 to be D.)
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Lemma 1.1. Let C{D,E} = {∆1,∆2, . . . ,∆n} be the corridor connecting D and E. Then
the disks of the principal pair {E∗, E∗∗} are exactly the disks from surgery on E along
D.
Proof. We use the induction on the number n ≥ 2 of the 2-simplices of the corridor. If
n = 2, the conclusion holds immediately since each of D and E is disjoint from E∗∪E∗∗,
and so any outermost subdisk of D cut off by D ∩ E is also disjoint from E∗ ∪ E∗∗. If
n ≥ 3, choose a vertex, say D˜, of ∆n other than D that is not adjacent to E. Then we
have the (sub)corridor C{D˜,E} = {∆1,∆2, . . . ,∆k} connecting D˜ and E for some k < n.
See Figure 2. By the assumption of the induction, the disks E∗ and E∗∗ are exactly the
disks from surgery on E along D˜. Since D is disjoint from D˜, the disks from surgery on
E along D are the same to those from surgery on E along D˜. 
Consider any two consecutive 2-simplices ∆k and ∆k+1, k ∈ {1, 2, . . . , n−1}, of a corri-
dor C{D,E} = {∆1,∆2, . . . ,∆n} connecting D and E. When we write ∆k = {D0,D1,D2}
and ∆k+1 = {D1,D2,D3} as triples of vertices, we see that {D1,D2} are the princi-
pal pair of D0 with respect to D for the (sub)corridor C{D,D0} = {∆k,∆k+1, . . . ,∆n}.
Further, the followings are immediate from Lemma 1.1.
• D1 and D2 are the disks from surgery on D0 along D.
• D3 is the disk from surgery on D1 ∪D2 along D.
This observation implies the following lemma.
Lemma 1.2. Let C{D,E} = {∆1,∆2, . . . ,∆n} be the corridor connecting D and E. For
each k ∈ {1, 2, . . . , n − 1}, we write the edge ∆k ∩∆k+1 = {Dk,D
′
k} and the 2-simplex
∆k+1 = {Dk+1,Dk,D
′
k}. Let F be a vertex that is not adjacent to E. If Dk+1 is the disk
from surgery on Dk ∪D
′
k along F for each k, then the corridor C{F,E} connecting F and
E contains the corridor C{D,E}.
1.2. The primitive disk complexes for lens spaces. Let (V,W ; Σ) be the genus-2
Heegaard splitting of a lens space L = L(p, q). A disk E properly embedded in V is said
to be primitive if there exists a disk E′ properly embedded in W such that the two loops
∂E and ∂E′ intersect transversely in a single point. Such a disk E′ is called a dual disk
of E, which is also primitive in W having a dual disk E. Note that both W ∪ Nbd(E)
and V ∪Nbd(E′) are solid tori. Primitive disks are necessarily non-separating.
The primitive disk complex P(V ) for the genus-2 splitting (V,W ; Σ) is defined to be
the full subcomplex of D(V ) spanned by the primitive disks in V . If a genus-2 Heegaard
splitting admits primitive disks, then the manifold is one of the 3-sphere, S2 × S1 or a
lens space, and so we can define the primitive disk complex for each of those manifolds.
The combinatorial structure of the primitive disk complexes for each of the 3-sphere and
S2×S1 has been well understood in [4] and [6]. For the lens spaces, we have the following
results from [8].
Theorem 1.3 (Theorems 4.2 and 4.5 in [8]). For a lens space L(p, q) with 1 ≤ q ≤ p/2,
the primitive disk complex P(V ) for the genus-2 Heegaard splitting (V,W ; Σ) of L(p, q)
is contractible if and only if p ≡ ±1 (mod q). If p 6≡ ±1 (mod q), then P(V ) is not
connected and consists of infinitely many tree components.
6 SANGBUM CHO AND YUYA KODA
In the case of p 6≡ ±1 (mod q), each vertex of any tree component of P(V ) has infinite
valency, that is, for each primitive disk D in V there exist infinitely many non-isotopic
primitive disks disjoint from D. Thus, all the tree components of P(V ) are isomorphic
to each other.
2. The tree of trees
2.1. The primitive disks. Let (V,W ; Σ) be the genus-2 Heegaard splitting of a lens
space L = L(p, q). In this subsection, we will develop several properties of the prim-
itive disks in V and W we need, in particular, some sufficient conditions for the non-
primitiveness. Each simple closed curve on the boundary of the genus-2 handlebody W
represents an element of the free group π1(W ) of rank 2. The following is a well known
fact.
Lemma 2.1 (Gordon [12]). Let D be a non-separating disk in V . Then D is primitive
if and only if ∂D represents a primitive element of π1(W ).
Here, an element of a free group is said to be primitive if it is a member of a generating
set. Primitive elements of the rank-2 free group has been well understood. In particular,
we have the following property.
Lemma 2.2 (Osborne-Zieschang [21]). Given a generating pair {x, y} of the free group
Z ∗ Z of rank 2, a cyclically reduced form of any primitive element can be written as a
product of terms each of the form xǫyn or xǫyn+1, or else a product of terms each of the
form yǫxn or yǫxn+1, for some ǫ ∈ {1,−1} and some n ∈ Z.
Therefore, we see that no cyclically reduced form of a primitive element in terms of x
and y can contain x and x−1 (and y and y−1) simultaneously.
Let {E′1, E
′
2} be a complete meridian system of the genus-2 handlebody W . Assign
symbols x and y to the oriented circles ∂E′1 and ∂E
′
2 respectively. Then any oriented
simple closed curve on ∂W intersecting ∂E′1∪∂E
′
2 transversely and minimally represents
an element of the free group π1(W ) = 〈x, y〉, whose word in {x
±1, y±1} can be read off
from the intersections with ∂E′1 and ∂E
′
2. Let l be an oriented simple closed curve on
∂W that meets ∂E′1 ∪ ∂E
′
2 transversely and minimally. The following lemma is given in
[8].
Lemma 2.3 (Lemma 3.3 in [8]). With a suitable choice of orientations of ∂E′1 and ∂E
′
2,
if a word in {x±1, y±1} corresponding to l contains one of the pairs of terms:
(1) both of xy and xy−1, or
(2) both of xynx and yn+2 for n ≥ 0,
then the element of π1(W ) represented by l cannot be (a positive power of ) a primitive
element.
We introduce three more sufficient conditions for non-primitiveness as follows.
Lemma 2.4. With a suitable choice of orientations of ∂E′1 and ∂E
′
2, if a word in
{x±1, y±1} corresponding to l contains one of the pairs of terms:
(1) both of xy and (xy−1)±1,
(2) both of xy and (x−1y)±1, or
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(3) both of x2 and y2,
then the element of π1(W ) represented by l cannot be (a positive power of ) a primitive
element.
Proof. Let Σ′ be the 4-holed sphere cut off from ∂W along ∂E′1 ∪ ∂E
′
2. Denote by e
′
1
+
and e′1
− (by e′2
+ and e′2
−, respectively) the boundary circles of Σ′ coming from ∂E′1
(from ∂E′2, respectively).
Suppose first that l determines a word containing both xy and (xy−1)±1. We can
assume that there are two subarcs α+ and α− of l ∩ Σ
′ such that α+ connects e
′
1
+ and
e′2
−, and α− connects e
′
1
+ and e′2
+ as in Figure 3.
e′1
+
e′1
−
e′2
−
e′2
+
α−
α+
β−
β+
Figure 3. The arcs α± and β± on Σ
′.
Since | l∩e′1
+| = | l∩e′1
−| and | l∩e′2
+| = | l∩e′2
−|, we must have two other arcs β+ and
β− of l∩Σ
′ such that β+ connects e
′
1
− and e′2
+, and β− connects e
′
1
− and e′2
−. See Figure
3. Consequently, there exists no arc component of l ∩ Σ′ whose endpoints lines on the
same boundary component of Σ′. That is, any word corresponding to l contains neither
x±1x∓1 nor y±1y∓1, and hence, it is cyclically reduced. Since that word contains both
x and x−1 (or y and y−1), l cannot represent (a positive power of) a primitive element
of π1(W ). The case where l determines a word containing both xy and (x
−1y)±1 can be
proved in the same way.
Next suppose that l determines a word containing both x2 and y2. Then there are
two arcs α+ and α− of l ∩ Σ
′ such that α+ connects e
′
1
+ and e′1
−, and α− connects e
′
2
+
and e′2
−. By a similar argument to the above, we must have two other arcs β+ and β−
of l∩Σ′ such that β+ connects e
′
1
+ and e′2
±, say e′2
−, and β− connects e
′
1
− and e′2
+. See
Figure 4.
e′1
+
e′1
−
e′2
−
e′2
+
α+ α−
β+
β−
Figure 4. The arcs α± and β± on Σ
′.
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Then we see again that the word corresponding to l is cyclically reduced. Since that
word contains both of x2 and y2, l cannot represent (a positive power of) a primitive
element. 
Lemma 2.5. With a suitable choice of orientations of ∂E′1 and ∂E
′
2, if a word in
{x±1, y±1} corresponding to l contains a term of the form xyǫ1yǫ2 · · · yǫlx−1, where
ǫi = ±1 (i = 1, 2, . . . , l) and
∑l
i=1 ǫi 6= 0, then the element of π1(W ) represented by
l cannot be (a positive power of ) a primitive element.
Proof. Set w = xyǫ1yǫ2 · · · yǫlx−1. Let α the subarc of l corresponding to the subword w.
By cutting the Heegaard surface Σ along ∂E′1 ∪∂E
′
2, we get a 4-holed sphere Σ
′. Let e′±1
and e′±2 be the holes coming from E
′
1 and E
′
2 respectively. Without loss of generality we
can assume that ǫ1 = 1. If ǫl = 1, then we get the conclusion by Lemma 2.4. Thus, we
assume that ǫl = −1, this implies that the word w contains the term yy
−1. Let α0, α1,
α2 be the subarcs of α corresponding to the term xy, yy
−1, y−1x−1. Note that on the
surface Σ′ the arc α0 connects the two circles e
′+
1 and e
′−
2 , α1 connects the circle e
′−
2 to
itself, and α2 connects the two circles e
′+
2 and e
′−
1 . Let E
∗ be the band sum of E′1 and E
′
2
along α0, that is, E
∗ is the frontier of a regular neighborhood of the union E′1 ∪α0 ∪E
′
2.
Then E′1 and E
∗ form a new complete meridian system of W . See Figure 5.




e′+1
e′−1 e
′+
2
e′−2α0
α1
α2
E∗
Figure 5. The arcs Σ′ ∩ α and the disk E∗.
We assign the same symbol y to ∂E∗. Then the arc α determines a word of the form
xyǫ
′
1yǫ
′
2 · · · yǫ
′
l′x−1, where ǫ′i = ±1 (i = 1, 2, . . . , l),
∑l′
i=1 ǫ
′
i 6= 0 and l
′ < l. Applying this
argument finitely many times, we end with the case where w is reduced (in particular
ǫ1 = ǫl), thus, the conclusion follows. 
Lemma 2.6. With a suitable choice of orientations of ∂E′1 and ∂E
′
2, if a word in
{x±1, y±1} corresponding to l contains both of terms of the forms xyǫ1yǫ2 · · · yǫlx and
xyδ1yδ2 · · · yδkx, where ǫi = ±1 for i ∈ {1, 2, . . . , l}, δj = ±1 for j ∈ {1, 2, . . . , k} and
|
∑l
i=1 ǫi−
∑k
j=1 δj | ≥ 2, then the element of π1(W ) represented by l cannot be (a positive
power of ) a primitive element.
Proof. Set w1 = xy
ǫ1yǫ2 · · · yǫlx, w2 = xy
δ1yδ2 · · · yδkx, m =
∑l
i=1 ǫi and n =
∑k
j=1 δj .
Let α and β be the subarcs of l corresponding to the subwords w1 and w2 respectively.
By cutting the Heegaard surface Σ along ∂E′1 ∪∂E
′
2, we get a 4-holed sphere Σ
′. Let e′±1
and e′±2 be the holes coming from E
′
1 and E
′
2 respectively.
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Suppose first that both subwords w1 and w2 are reduced, so w1 = xy
mx and w2 =
xynx. If both of m and n are non-zero and these have different signs, then we get the
conclusion by Lemma 2.4. Thus, we assume that m and n have the same sign or one
of them is zero. Without loss of generality we can assume that n > m ≥ 0. Suppose
that m = 0. Then w1 = x
2 and w2 = xy
nx (n ≥ 2) and thus, by Lemma 2.4, l cannot
represent a primitive element of π1(W ). Suppose that m > 0. Let α0 be the subarc of α
corresponding to the term xy. Then α0 connects two circles e
′+
1 and e
′−
2 in Σ
′. Let E∗ be
the band sum of E′1 and E
′
2 along α0. Then E
′
1 and E
∗ form a new complete meridian
system of W . See Figure 6.


e′+1
e′−1
e′−2
e′+2
α0
E∗
Figure 6. The arcs Σ′ ∩ (α ∪ β) and the disk E∗.
Assigning the same symbol y to ∂E∗, the arc α determines a word of the form xym−1x
while β determines xyn−1x. Applying this argument m times, we finally end with the
case of m = 0, thus, the conclusion follows by induction.
Next suppose that at least one of w1 or w2 is reducible. Without loss of generality we
can assume that w1 is reducible and ǫ1 = 1. Since w1 contains the term yy
−1, there is
no arc in Σ′ ∩ l connecting e′−1 and e
′+
1 . See Figure 7.
e′+1
e′−1
e′−2
e′+2
yy−1
Figure 7. There are no arcs of Σ′ ∩ l connecting e′−1 and e
′+
1 .
This implies that the word represented by l cannot contain the term x2, thus, k 6= 0.
Further if one of ǫl, δ1 and δk is −1, then l cannot represent a primitive element of π1(W )
by Lemma 2.4. Thus, we can assume that ǫ1 = ǫl = δ1 = δk = 1. Let α and β be the
subarcs of l corresponding to the subwords w1 and w2 respectively. Then Σ
′ ∩ (α ∪ β)
consits of arcs shown in Figure 8. Let α0 be the subarc of α correspoinding to the word
xy and let E∗ be the band sum of E′1 and E
′
2 along α0.
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



e′+1
e′−1 e
′+
2
e′−2α0
E∗
Figure 8. The arcs Σ′ ∩ (α ∪ β) and the disk E∗.
Then E′1 and E
∗ form a new complete meridian system of W . Assigning the same
symbol y to ∂E∗, the arc α determines a word of the form xyǫ
′
1yǫ
′
2 · · · yǫ
′
l′x (ǫ′i = ±1),
while β determines xyδ
′
1yδ
′
2 · · · yδ
′
k′x (δ′j = ±1). Here note that we have l
′ < l, k′ < k,∑l′
i=1 ǫ
′
i = m and
∑k′
j=1 δ
′
j = n. We repeat this argument until both words correspoinding
to α and β become reduced. We claim that this process finishes in finitely many times.
Suppose not. Then after repeating this process finitely many times, we finally end with
the case where the word correspoinding to one of α and β (say α) is x2. Then again by
Figure 7 the word corresponding to β must be reduced. This is a contradiction. Now the
conclusion follows from the argument of the case where both w1 and w2 are reduced. 
2.2. Shells. Let (V,W ; Σ) be the genus-2 Heegaard splitting of a lens space L = L(p, q)
with 1 ≤ q ≤ p/2. We briefly review the definition of a shell, which is a special subcom-
plex of the star neighborhood of a vertex of a primitive disk in the non-separating disk
complex D(V ), introduced in Section 3.3 of [8]. We call a pair of disjoint, non-isotopic
primitive disks in V a primitive pair in V . A non-separating disk E0 properly embedded
in V is said to be semiprimitive if there is a primitive disk E′ in W disjoint from E0. A
primitive pair and a semiprimitive disks in W can be defined in the same way.
Let E be a primitive disk in V . Choose a dual disk E′ of E. Then we have unique
semiprimitive disks E0 and E
′
0 in V andW respectively that are disjoint from E∪E
′. We
denote the solid torus cl(V −Nbd(E)) simply by VE . By a suitable choice of the oriented
longitude and meridian of VE, the circle ∂E
′
0 can be assumed to be a (p, q¯)-curve on the
boundary of VE , where q¯ ∈ {q, q
′} and q′ is the unique integer satisfying 1 ≤ q′ ≤ p/2
and qq′ ≡ ±1 (mod p). We say that E is of (p, q¯)-type if ∂E′0 is a (p, q¯)-curve on ∂VE .
Suppose first that E is of (p, q)-type. Then the circle ∂E0 is a (p, q
′)-curve on the
boundary of the solid torus cl(W − Nbd(E′)). We construct a sequence of disks E0,
E1, . . . , Ep starting at the semiprimitive disk ∂E0 as follows. Choose an arc α0 on Σ so
that α0 meets each of E0 and E in exactly one point of ∂α0, and α0 is disjoint from
∂E′∪∂E′0. Let E1 be a disk in V which is the band sum of E0 and E along α0. Then the
disk E1 is disjoint from E ∪E0 and intersects ∂E
′ in a single point and ∂E′0 in p points.
Then inductively, we construct Ei+1 from Ei until we get Ep by taking the band sum
with E along an arc αi on Σ such that αi meets each of Ei and E in exactly one point of
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∂α0, and α0 is disjoint from ∂E
′ ∪ ∂E′0. Figure 9 illustrates the case when E is of (7, 3)-
type, and so ∂E0 is a (7, 2)-curve on the boundary of the solid torus cl(W − Nbd(E
′))
in the lens space L(7, 3).
E′0 E
′ E′0 E
′
E′0 E
′ E′0 E
′
α0 α1
α2
∂E ∂E
∂E
∂E
∂E0 ∂E1
∂E2
∂E7
W W
W W
Figure 9. The circles ∂E0, ∂E1, ∂E2 and ∂E7 on the surface Σ = ∂W
in L(7, 2) for the sequence of disks E0, E1, . . . , E7.
We call the full subcomplex of D(V ) spanned by the vertices E0, E1, . . . , Ep, and E a
(p, q)-shell centered at the primitive diskE and denote it simply by SE = {E0, E1, . . . , Ep},
see Figure 10 for example.
EE0
E1
E2
E3 E4
E5
E6
E7
Figure 10. A (7, 3)-shell in the disk complex D(V ) for L(7, 3). The
disks E1, E2, E5, E6 and E are the only primitive disks by Lemma 2.7.
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A shell is a 2-dimensional subcomplex of D(V ). It is straightforward from the con-
struction that for 0 ≤ i < j ≤ p, Ei ∩ Ej consists of j − i − 1 arcs. We note that there
are infinitely many choice of such an arc α0, and so of the disk E1. But once we choose
E1, the arcs αi for i ∈ {1, 2, . . . , p−1} are uniquely determined and so are the successive
disks E2, E3, . . . , Ep.
Assign symbols x and y to the oriented circles ∂E′ and ∂E′0 respectively. Then the
oriented boundary circles ∂E, ∂E0, ∂E1, . . . , ∂Ep from the shell SE = {E0, E1, . . . , Ep}
represent elements of the free group π1(W ) = 〈x, y〉. We observe that, with a suitable
choice of orientation, the circles ∂E, ∂E0, ∂E1, ∂E2, . . . , ∂Ep−1, ∂Ep determine the words
of the form x, yp, xyq, xyqxyp−q, . . . , (xy)p−1y, (xy)p respectively.
Lemma 2.7 (Lemmas 3.8 and 3.13 in [8]). Let SE = {E0, E1, . . . , Ep−1, Ep} be a (p, q)-
shell centered at a primitive disk E in V . Then we have
(1) E0 and Ep are semiprimitive.
(2) Ej is primitive if and only if j ∈ {1, q
′, p−q′, p−1} where q′ is the unique integer
satisfying qq′ ≡ ±1 (mod p) and 1 ≤ q′ ≤ p/2.
(3) E1 and Ep−1 are of (p, q)-type while Eq′ and Ep−q′ are of (p, q
′)-type.
We have constructed a (p, q)-shell SE by assuming E is of a (p, q)-type. If E is of
(p, q′)-type, then SE is a (p, q
′)-shell, and Lemma 2.7 still holds by exchanging q and q′
in the conclusion.
Lemma 2.8 (Lemma 3.6 in [8]). Let E0 be a semiprimitive disk in V , and let E be
a primitive disk in V disjoint from E0. If a primitive or semiprimitive disk D in V
intersects E ∪ E0 transversely and minimally, then the disk E1 from surgery on E ∪ E0
along D is a primitive disk, which has a common dual disk with E.
By Lemma 2.8, given a primitive disk E and a semiprimitive disk E0 in V disjoint
from E, any primitive diskD in V determines a unique shell SE = {E0, E1, . . . , Ep−1, Ep}
such that E1 = D if D is disjoint from E∪E0, and E1 is the disk from surgery on E∪E0
along D if D intersects E ∪ E0. The following is a generalization of Lemma 2.8.
Lemma 2.9 (Lemma 3.10 in [8]). Let SE = {E0, E1, . . . , Ep−1, Ep} be a shell centered
at a primitive disk E in V , and let D be a primitive or semiprimitive disk in V . For
j ∈ {1, 2, . . . , p− 1},
(1) if D is disjoint from E ∪ Ej and is isotopic to none of E and Ej , then D is
isotopic to either Ej−1 or Ej+1, and
(2) if D intersects E ∪Ej , then the disk from surgery on E ∪Ej along D is isotopic
to either Ej−1 or Ej+1.
2.3. Bridges. Let (V,W ; Σ) be the genus-2 Heegaard splitting of a lens space L =
L(p, q) with 1 ≤ q ≤ p/2 and p 6≡ ±1 (mod q). Throughout the subsection, we fix the
followings.
• An integer q¯ ∈ {q, q′} where q′ is the unique integer satisfying 1 ≤ q′ ≤ p/2 and
qq′ ≡ ±1 (mod p); and
• The integers m and r satisfying p = q¯m+ r with 2 ≤ r ≤ q − 2.
We recall from Theorem 1.3 that P(V ) consists of infinitely many isomorphic tree
components in this case. The key of the disconnectivity is that we can find non-adjacent
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primitive disks D and E in V such that the corridor connecting D and E contains no
vertices of primitive disks except D and E. Then D and E are contained in different
components of P(V ) since the dual complex of D(V ) is a tree.
We call a corridor C{D,E} = {∆1,∆2, . . . ,∆n} in D(V ) a bridge when it connects
vertices D and E of primitive disks, and contains no vertices of primitive disks except
D and E. In this case, we denote the bridge by B{D,E} instead of C{D,E}. We recall that
the two vertices of the 2-simplex ∆1 other than E forms the principal pair {E∗, E∗∗} of
E with respect to D (Lemma 1.1).
Lemma 2.10 (Lemma 4.1 and Theorem 4.2 in [8]). Let E be a primitive disk of (p, q¯)-
type. Let SE = {E0, E1, . . . , Ep} be a (p, q¯)-shell centered at E. Then there exists a
primitive disk D and a bridge B{D,E} = {∆1,∆2, . . . ,∆n} connecting E and D such that
∆1 = {E,Em, Em+1}.
Proof. Actually, the proof of Theorem 4.2 in [8] introduces an algorithmic way to produce
a bridge under the condition p 6≡ ±1 (mod q). We provide a sketch of the proof. As-
signing symbols x and y to ∂E′ and ∂E′0 respectively, with appropriate orientations, any
oriented simple closed curve on Σ represents an element of the free group π1(W ) = 〈x, y〉.
Then we may assume that ∂Em and ∂Em+1 represents the elements (xy
q¯)m−1xyq¯+r and
(xyq¯)mxyr respectively. By cutting Σ = ∂V along ∂Em∪∂Em+1, we get a 4-holed sphere
Σ∗ shown in Figure 11. In the figure, D1 = Em and D2 = Em+1, and m1 = m− 1 and
m2 = m. We have two possibilities of the patterns of ∂E
′ ∩ Σ∗ as in the figure.
m1 + 1
m1 + 1
m2 −m1
m1 + 1
m1 + 1
m2 −m1l′
l′′
l∗1 l
∗
2
∂D1 ∂D2 ∂D1 ∂D2
∂D1 ∂D2 ∂D1 ∂D2
∂D∗ ∂D∗
(a) (b)
Figure 11. The 4-holed sphere Σ∗. There are two patterns of ∂E
′ ∩ Σ∗.
For each of the two cases, we can show that the boundary circle of the horizontal
disk E∅, which is ∂D∗ in the figure, represents the word (xy
q¯)2mxy2r. We call {Em, E∅}
({E∅, Em+1}, respectively) the pair obtained from the pair {Em, Em+1} by R-replacement
(L-replacement, respectively). By cutting ∂V along ∂Em ∪ ∂E∅ (∂E∅ ∪ ∂Em+1, respec-
tively) we get again a 4-holed sphere, denoted by Σ∗ again, and the two possibilities
of the patterns of ∂E′ ∩ Σ∗ shown in Figure 11. We denote by ER (EL, respectively)
the horizontal disk in the figure. The boundary of ER (EL, respectively) represents the
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word (xyq¯)3mxy3r ((xyq¯)3m+1xy3r−q¯, respectively). In the figure, D∗ = ER, D1 = Em,
D2 = E∅, m1 = m − 1 and m2 = 2m. (D∗ = EL, D1 = E∅, D2 = Em+1, m1 = 2m
and m2 = m, respectively.) We call {Em, ER} and {ER, E∅} ({E∅, EL} and {EL, Em+1},
respectively) the pair obtained from the pair {Em, E∅} ({E∅, Em+1}, respectively) by
R-replacement and L-replacement respectively. In this way, for each positive word
w = w(L,R) on the set of letters {L,R}, we can define the disk Ew inductively. We call
the full subcomplex X of the disk complex D(V ) spanned by the set of vertices
{E,Em, Em+1} ∪ {Ew | w is a (possibly empty) positive word in {L,R}}
the principal complex generated by SE. See Figure 12.
E
Em Em+1
ERR ELL
ER EL
ERL ELR
E∅
R
R
L
L
L R
q¯ + r r
4r 4r − 2q¯
3r 3r − q¯
5r − q¯ 5r − 2q¯
2r
Figure 12. The principal complex generated by SE .
The words in {x±1, y±1} represented by vertices of the principal complex X has the
following property:
• Let {D1,D2} be a pair of vertices in X obtained from {Em, Em+1} by a series
of replacements, and let D∗ be the vertex such that {D1,D∗} and {D∗,D2} are
the R-replacement and L-replacement of {D1,D2} respectively. If ∂D1 and ∂D2
represent the words (xyq¯)m1xyn1 and (xyq¯)m2xyn2 respectively, then the word
represented by ∂D∗ is (xy
q¯)m1+m2+1xyn1+n2−q¯. See Figure 11.
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Using this property, we can find inductively the word corresponding to each vertex in X .
Further, we see that every word corresponding to a vertex Ew in X is a positive power
of xyq¯ followed by xynw for some non-zero integer nw. In Figure 12, this number nw is
assigned for each vertex.
By an elementary argument on number theory, we can show that there exists a vertex
Ew in X such that nw = q¯± 1. This implies that Ew is a primitive disk. Choose such w
so that the length of w is minimal, and set D = Ew. Then the corridor connecting E and
D is the required bridge. (Here we recall that neither of Em and Em+1 is primitive.) 
Lemma 2.11. Let B{D,E} be a bridge connecting vertices D and E of primitive disks.
Let {E∗, E∗∗} be the principal pair of E with respect to D. Let E be of (p, q¯)-type.
Then there exists a unique (p, q¯)-shell SE = {E0, E1, . . . , Ep} centered at E such that
{E∗, E∗∗} = {Em, Em+1}.
Proof. The proof will be similar to that of Theorem 3.11 in [8]. Let C be an outermost
subdisk of D cut off by D∩E. Any dual disk E′ of E determines a unique semiprimitive
disk E0 in V disjoint from E ∪ E
′. Among all the dual disks of E, choose one, denoted
by E′ again, so that the resulting semiprimitive disk E0 intersects C minimally. Then, C
must intersect E0, otherwise one of the disks of the principal pair {E∗, E∗∗} is E0 and the
other is primitive by Lemma 2.8, which is impossible since they are the representatives
of the vertices of the bridge B{D,E} other than D and E.
Let C0 be an outermost subdisk of C cut off by C ∩ E0. Then one of the disks from
surgery on E0 along C0 is E, and the other, say E1, is primitive by Lemma 2.8 again.
Then we have the unique shell SE = {E0, E1, E2, . . . , Ep} centered at E. Let E
′
0 be a
semiprimitive disk in W disjoint from E ∪E′. The circle ∂E′0 would be a (p, q¯)-curve on
the boundary of the solid torus cl(V − Nbd(E ∪ E′)). We will assume q¯ = q. That is,
∂E′0 is a (p, q
′)-curve and so SE is a (p, q)-shell. The proof is easily adapted for the case
of q¯ = q′.
Claim 1. There is a disk Ej in the shell for some 1 ≤ j < p/2 that is disjoint from C.
Proof of Claim 1. First, it is clear that there is a disk Ej for some j ∈ {1, 2, . . . , p − 1}
disjoint from C. Since if C intersects each of E1, E2, . . . , Ej , for j ∈ {1, 2, . . . , p − 1},
then one of the disks from surgery on Ej by an outermost subdisk Cj of C cut off by
C ∩Ej is E and the other one is Ej+1 by Lemma 2.9, and we have |C ∩Ej+1| < |C ∩Ej|.
Consequently, we see that |C ∩ Ep| < |C ∩ E0|, but it contradicts the minimality of
|C ∩ E0| since Ep is also a semiprimitive disk disjoint from E.
Now, denote by Ej again the first disk in the sequence that is disjoint from C. Then
the two disks from surgery on E along C are Ej and Ej+1, hence, C is also disjoint from
Ej+1. Actually they are the only disks in the sequence disjoint from C. For other disks
in the sequence, it is easy to see that |C ∩Ej−k| = k = |C ∩Ej+1+k|. If j ≥ p/2, then we
have |C ∩ E0| = j > p − j − 1 = |C ∩ Ep|, a contradiction for the minimality condition
again. Thus, Ej is one of the disks in the first half of the sequence, that is, 1 ≤ j < p/2.
Claim 2. The disk Ej is Em.
Proof of Claim 2. First, it is clear that Ej is not E1. That is, C must intersect E1,
otherwise the principal pair {E∗, E∗∗} equals {E1, E2} and E1 is primitive, which is
impossible. Assigning symbols x and y to oriented ∂E′ and ∂E′0 respectively, ∂E1, ∂E2,
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∂E3 may represent the elements of the form xy
p, xyqxyp−q, xyqxyqxyp−2q respectively.
In general, ∂Ek represents an element of the form xy
n1xyn2 · · · xynk for some positive
integers n1, . . . , nk with n1 + · · ·+ nk = p for each k ∈ {1, 2, . . . , p}. Furthermore, since
C is disjoint from Ej and also from Ej+1, the word determined by the circle ∂D contains
the subword of the form ym1xym2 · · · xymj+1 (or its reverse) which is the part of ∂C when
∂Ej+1 represents an element of the form xy
m1xym2 · · · xymj+1 .
Suppose that 2 ≤ j ≤ m − 1. Then an element represented by ∂Ej+1 has the form
xyq · · · xyqxyp−jq, and so an element represented by ∂D contains xyqx and yp−jq, which
lies in the part of ∂C. Since (p− jq)− q = q(m− 1− j) + r ≥ 2, D cannot be primitive
by Lemma 2.3, a contradiction.
Suppose that m+ 1 ≤ j ≤ q′ − 2. We may write a word of ∂Eq′ as xy
n1xyn2 · · · xynq′
where each nk ∈ {n, n+1} for some positive integer n since ∂Eq′ is primitive. Then, by
a similar consideration to the above, an element represented by ∂D contains xym1x and
ym2 for some positive integers m1 and m2 with |m1 −m2| ≥ 2, which lies in the part of
∂C. Thus, D cannot be primitive by Lemma 2.6, a contradiction again.
Suppose that q′ − 1 ≤ j ≤ q′. Then the principal pair {E∗, E∗∗} contains Eq′ which is
primitive by Lemma 2.7. This is impossible.
Finally, suppose that q′ + 1 ≤ j < p/2. Then, considering an element represented by
∂Ej+1, we observe that an element represented by ∂D contains xyx which lies in the part
of ∂C. Furthermore, when we write a word of the part of ∂C as xyn1xyn2 · · · xynj+1 , at
least two of n1, n2, . . . , nj+1 are 1 and so at least one of n1, n2, . . . , nj+1 is greater than
2. Again, D cannot be primitive by Lemma 2.3, a contradiction.
From Claim 2, the outermost subdisk C is disjoint from Em, and hence, the principal
pair {E∗, E∗∗} equals {Em, Em+1}. 
Lemma 2.12. Let E be a primitive disk of (p, q¯)-type, and let SE = {E0, E1, . . . , Ep} be
a (p, q¯)-shell centered at E. Let D be a primitive disk and let B{D,E} = {∆1,∆2, . . . ,∆n}
be the bridge with ∆1 = {E,Em, Em+1}, given by Lemma 2.10. Given a primitive disk
F and a corridor C{F,E} = {∆
′
1,∆
′
2, . . . ,∆
′
n′}, if ∆
′
1 = ∆1, then the corridor C{F,E}
contains the bridge B{D,E}.
Proof. We assume that each of the disks ∂D, ∂E, ∂F intersects ∂E′ ∪ ∂E′0 transversely
and minimally. Assigning symbols x and y to ∂E′ and ∂E′0 respectively, with appropriate
orientations, a word for ∂E is x while a word for ∂D is a positive power of xyq¯ followed
by xyq¯±1 as in the proof of Lemma 2.10.
For each k ∈ {1, 2, . . . , n−1}, set ∆k∩∆k+1 = {Dk,D
′
k} and ∆k+1 = {Dk+1,Dk,D
′
k}.
To show the corridor C{F,E} contains the bridge B{D,E}, it suffices to show that the disk
from surgery on Dk ∪D
′
k along F is Dk+1 by Lemma 1.2. We use the induction on k. If
k = 1, the conclusion holds immediately since we assumed ∆′1 = ∆1.
Let k ≥ 2 and assume the conclusion holds for all i < k. We simply write ∆k =
{D0,D1,D2} and ∆k+1 = {D1,D2,D∗} from now on, and will show that the disk from
surgery on D1∪D2 along F is D∗. By the construction of a bridge in the proof of Lemma
2.10, we may assume that the circles ∂D1 and ∂D2 represent the elements of the forms
(xyq¯)m1xyn1 and (xyq¯)m2xyn2 respectively, where n1 > q¯ > n2 > 0. By cutting the
Heegaard surface Σ along ∂D1 ∪ ∂D2, we get a 4-holed sphere Σ∗. We denote by d
±
1 and
d±2 the holes coming from ∂D1 and ∂D2 respectively. There are two patterns of ∂E
′∩Σ∗
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as in Figure 11, and the boundary of the disk D∗ is the horizontal circle in the figure.
We only consider the case of Figure 11 (a). The argument for the case (b) will be the
same.
Let C be an outermost subdisk of F cut off by D1 ∪D2. Then α = Σ∗ ∩ C is an arc
whose end points lie in the same component of ∂Σ∗. We consider only the case where
∂α lies in d−1 . The argument for other cases will be the same. Let Σ˜∗ be the covering
space of Σ∗ such that
(1) Σ˜∗ is the plane R
2 with an open disk of radius at most 1/8 removed from each
point with integer coordinates;
(2) the components of the preimage of l∗1 (l
∗
2, respectively) are the vertical lines with
even (odd, respectively) integer x-coordinate; and
(3) the components of the preimage of l′ (l′′, respectively) are the horizontal lines
with even (odd, respectively) integer y-coordinate.
We put a lift of d−1 at the origin. Denote by Qodd the set of irreducible rational numbers
with odd denominators. Then the set Qodd one-to-one corresponds to the set of the
(isotopy classes of) essential arcs α = αr/s on Σ∗ such that both endpoints of α lie in d
−
1
and α cuts off an annulus one of whose boundary circle is either d+2 or d
−
2 , as follows.
For each r/s ∈ Qodd, let β˜ = β˜r/s be the line segment of the slope r/s connecting the
origin and the point (s, r) in R2 such that β˜ ∩ Σ˜∗ is a single arc properly embedded in
Σ˜∗ (by assuming the open disks removed are sufficiently small). Then the image β of
the segments β˜ ∩ Σ˜∗ is a simple arc in Σ∗ connecting d
−
1 and one of d
+
2 or d
−
2 , say d
+
2 .
Then the corresponding essential arc α = αr/s is the frontier of a regular neighborhood
of the union β ∪ d+2 .
Recall that our arc α ⊂ Σ∗ is the intersection of Σ∗ and an outermost subdisk C of
F cut off by D1 ∪D2. Let r/s (s > 0) be the element of Qodd corresponding to α. We
shall prove that r/s = 0, which implies that the disk from surgery on D1 ∪D2 along F
is D∗. To show this, we will check all the cases of r 6= 0 violate the assumption that F
is primitive.
Figure 13 illustrates the patterns of Σ∗ ∩ (∂E
′ ∪ ∂E′0) on the 4-holed sphere Σ∗.


d+1
d−1
d+2
d−2
k1
k2
k3k4
k5
k6
k7
Figure 13. The patterns of Σ∗ ∩ (∂E
′ ∪ ∂E′0).
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In the figure, each oriented bold arc, we denote by γ′, with a weight ki (i ∈ {1, 2, . . . , 7})
indicates the union of some arcs γ′1, γ
′
2, . . . , γ
′
l of Σ∗ ∩ ∂E
′
0 on Σ∗ parallel to γ
′ such that
ki =
∑l
i=j[γ
′
j ] in H1(Σ∗, ∂Σ∗;Z), after equipping the orientation of γ
′
j compatible with
that of ∂E′0. Between the arcs with weights k1 and k2 (and also between the arcs with
weights k5 and k6), we have m1 + 1 oriented arcs γ1, γ2, . . . , γm1+1 of Σ∗ ∩ ∂E
′, and
between γi and γi+1 for i ∈ {1, 2, . . . ,m1}, we have exactly q¯ parallel arcs of Σ∗∩∂E
′
0 on
Σ∗ in the same direction. Similarly, between the arcs with weights k3 and k4, we have
m2 −m1 oriented arcs of Σ∗ ∩ ∂E
′, and between any two consecutive arcs of them, we
have exactly q¯ parallel arcs of Σ∗ ∩ ∂E
′
0 on Σ∗ in the same direction. By Figure 11 we
have the following linear equations:

k1 + k2 = n1
k5 + k6 = n1
k1 + k3 + k7 = n2
k4 + k6 + k7 = n2
k2 + k4 = q¯
k3 + k5 = q¯
(1)
Solving these equation, we see that there exist non-negative integers a and b such that
k1 = a, k2 = n1−a, k3 = n2−a−b, k4 = q¯−n1+a, k3 = q¯−n2+a+b, k6 = n1+n2−q¯−a−b,
k7 = b.
Case 1. r > s.
In this case with a suitable choice of an orientation of α the word corresponding to
the arc α contains both of the terms xyq¯x and xyn2x after canceling pairs of y and y−1
if necessary. See Figure 14.
d+1
d−1
d+2
d−2
α
xyn2x
d+1
d−1
d+2
d−2
α
xyn2x
Figure 14. The bold part of α determines the word xyn2x.
By Lemma 2.6 this implies that F is not a primitive disk, whence a contradiction.
Case 2. r = s.
In this case the disk from surgery on D1 ∪D2 along F is D0, which is impossible by
the assumption of the induction.
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Case 3. s > r > 0. Suppose first that 1/2 > r/s. If r is odd, with a suitable choice of
an orientation of α the word corresponding to the arc α contains the term xy−k3+k6x−1
after canceling pairs of y and y−1 if necessary. See the left-hand side in Figure 15.
d+1
d−1
d+2
d−2
α
xy−k3+k6x−1
d+1
d−1
d+2
d−2
α
xy−k1+k4x−1
Figure 15. Left: the bold part of α determines the word xy−k3+k6x−1.
Right: the bold part of α determines the word xy−k1+k4x−1.
By the solution of the equation (1), we have −k3 + k6 = −q¯ + n1 ≥ 1. By Lemma 2.5
this implies that F is not a primitive disk, whence a contradiction. If r is even, with a
suitable choice of an orientation of α the word corresponding to the arc α contains the
term xy−k1+k4x−1 after canceling pairs of y and y−1 if necessary. See the right-hand
side in Figure 15. By the solution of the equation (1), we have −k1+ k4 = q¯− n1 ≤ −1.
Thus, by Lemma 2.5, F is not a primitive disk, a contradiction.
Next suppose that r/s > 1/2. If r is odd, with a suitable choice of an orientation of α
the word corresponding to the arc α contains the term xyk1−k4x−1 after canceling pairs
of y and y−1 if necessary. See the left-hand side in Figure 16.
d+1
d−1
d+2
d−2
α
xyk1−k4x−1
d+1
d−1
d+2
d−2
α
xyk3−k6x−1
Figure 16. Left: the bold part of α determines the word xyk1−k4x−1.
Right: the bold part of α determines the word xyk3−k6x−1.
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As above, we have k1 − k4 = −q¯ + n1 ≥ 1, whence a contradiction by Lemma 2.5. If
r is even, with a suitable choice of an orientation of α the word corresponding to the
arc α contains the term xyk3−k6x−1 after canceling pairs of y and y−1 if necessary. See
the right-hand side in Figure 16. As above we have k3 − k6 = q¯ − n1 ≤ 1, whence a
contradiction by Lemma 2.5.
Case 4. 0 > r. In this case with a suitable choice of an orientation of α the word
corresponding to the arc α contains the term xyk1−k5+k7x−1 after canceling pairs of y
and y−1 if necessary. See Figure 17.
d+1
d−1
d+2
d−2
α
xyk1−k5+k7x−1
d+1
d−1
d+2
d−2
α
xyk1−k5+k7x−1
Figure 17. The bold part of α determines the word xyk1−k5+k7x−1.
As above, we have k1 − k5 + k7 = −q¯ + n2 ≤ −1, whence a contradiction by Lemma
2.5. 
Lemma 2.13. Let B{D,E} be a bridge connecting primitive disks D and E. Then VD =
cl(V − Nbd(D)) is not isotopic to VE = cl(V − Nbd(E)) in L(p, q). In particular, D is
of (p, q)-type if and only if E is of (p, q′)-type.
Proof. Choose E′, E0 and E
′
0 as in the proof of Lemma 2.11. Assigning symbols x and y
to oriented ∂E′ and ∂E′0 respectively, any oriented simple closed curve on ∂W represents
an element of the free group π1(W ) = 〈x, y〉. Note that the natural projection
ϕ : H1(W ;Z) = Z[x]⊕ Z[y]→ H1(L(p, q);Z) = Z/pZ
induced by the inclusion W →֒ L(p, q) satisfies ϕ([x]) = 0 and ϕ([y]) = ±1.
By Lemmas 2.11 and 2.12, the bridge B{D,E} is obtained as in Lemma 2.10. In
particular, by the argument of Lemma 2.10, the circle ∂D determines the element of the
form (xyq¯)kxyq¯±1 for some k ∈ N while ∂E determines x in π1(W ) = 〈x, y〉.
Consider the exteriors WD := cl(L(p, q)− VD) and WE := cl(L(p, q)− VE) of VD and
VE in L(p, q), and let lD and lE be the cores of those solid tori WD and WE respectively.
It suffices to show that their homology classes [lD] and [lE ] differs in H1(L(p, q),Z). We
regard H1(WD;Z) and H1(WE ;Z) as subgroups of H1(W ;Z) in a natural way. It is then
easy to see from the construction that H1(WE ;Z) = (Z[x] ⊕ Z[y])/Z[x] = Z[y], which
implies that ±[lE] = ±ϕ([y]) = ±1 ∈ Z/pZ. On the other hand, we have H1(WD;Z) =
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(Z[x] ⊕ Z[y])/Z((k + 1)([x] + q¯[y]) ± [y]) = Z([x] + q¯[y]), which implies that ±[lD] =
±ϕ([x]+q¯[y]) = ±q¯ ∈ Z/pZ. Since q¯ 6= ±1 (mod p), we have [lD] 6= [lE ] inH1(L(p, q);Z).
This completes the proof. 
We recall that the primitive disk complex P(V ) consists of infinitely many tree
components, and given any vertex E of P(V ), there are infinitely many shells SE =
{E0, E1, . . . , Ep} centered at E by the choice of a semiprimitive disk E0 and the choice
of a primitive disk E1. Thus, by Lemma 2.10, for each vertex E of P(V ) there are infin-
itely many bridges having E as its end vertex. Further, we have the following description
of the bridges.
Lemma 2.14. Any two bridges are isomorphic to each other. Any two bridges are either
disjoint from each other or intersect only in an end vertex.
Proof. By Lemma 2.10, given any (p, q)-shell SE = {E0, E1, . . . , Ep}, there exists a
bridge B{D,E} = {∆1,∆2, . . . ,∆n} such that ∆1 = {E,Em, Em+1}. By Lemma 2.12,
such a bridge is unique. That is, if any bridge has ∆1 as its first 2-simplex, then it is
exactly B{D,E}. Given any other bridge B{D¯,E¯}, by Lemma 2.13, we may assume that
one of D¯ and E¯, say E¯, is of (p, q)-type. By Lemma 2.11, there exists a (p, q)-shell SE¯
containing the first 2-simplex of B{D¯,E¯}. Thus B{D¯,E¯} is isomorphic to B{D,E}. The
second statement is also a direct consequence of Lemmas 2.11 and 2.12. 
2.4. The tree of trees. We again assume that (V,W ; Σ) is the genus-2 Heegaard split-
ting of a lens space L = L(p, q) with 1 ≤ q ≤ p/2 and p 6≡ ±1 (mod q). So far, we have
seen that for any vertex E of P(V ), there are infinitely many bridges of which E is an
end vertex, and further:
• any two bridges are isomorphic to each other,
• any two bridges are disjoint from each other or intersect only in an end vertex,
• any bridge connects exactly two tree components of P(V ), and
• any two tree components of P(V ) is connected by at most a single bridge.
D E
T1 T2
Figure 18. The unique bridge connecting the tree components T1 and
T2 of P(V ).
Thus, by shrinking each of the tree components of P(V ) to a vertex, and each of the
bridges to an edge connecting the two end vertices, we have a tree T T (V ), which we
call the “tree of trees” for the splitting (V,W ; Σ). We note that each vertex of T T (V )
has infinite valency. Since the action of the Goeritz group G of the splitting (V,W ; Σ)
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preserves the set of vertices of P(V ) and the set of bridges, the action of G on D(V )
naturally induces a simplicial action of G on T T (V ).
3. Example: the lens space L(12, 5)
Let L(p, q) be a lens space with 1 ≤ q ≤ p/2. Let (V,W ; Σ) be the genus-2 Heegaard
splitting of L(p, q). As we have seen in Theorem 1.3, the primitive disk complex P(V ) is
contractible if and only if p ≡ ±1 (mod q). This implies that the primitive disk complex
P(V ) is contractible for every lens space L(p, q) with p < 12. In this section, we focus
on the lens space L(12, 5): the “smallest” lens space with disconnected primitive disk
complex. Recall that in this case, the primitive disk complex P(V ) consists of infinitely
many tree components. We describe the combinatorial structure of the primitive disk
complex and the briges, and provide an idea to obtain a presentation of the Goeritz group.
The argument in this section will be soon generalized for every L(p, q), 1 ≤ q ≤ p/2,
with p 6≡ ±1 (mod q) in the next section.
Let (V,W ; Σ) be the genus-2 Heegaard splitting of L(12, 5). Let E be a primitive
disk in V . Since 52 ≡ 1 (mod 12), q = q′ in this case (recall that q′ is the unique
integer satisfying 1 ≤ q′ ≤ p/2 and qq′ ≡ ±1 (mod p)), E is always of (12, 5)-type.
Let SE = {E0, E1, . . . , E12} be a shell centered at E. Let E
′ be a unique dual disk of
E disjoint from E0, and let E
′
0 be a unique semiprimitive disk in W disjoint from E.
Lemma 2.10 says that there exists a bridge B{D,E} = {∆1,∆2, . . . ,∆n} connecting E
and a certain primitive disk D in V with ∆1 = {E,E2, E3}. We can easily construct
that bridge as follows. The left-hand side in Figure 19 depicts the 4-holed sphere ∂V
cut off by E ∪ E2. We denote by e
± and e±2 its boundary circles coming from ∂E and
∂E2 respectively.
e+
e−
e+2
e−2
a
b
a
b
∂D
∂E3
∂D
e+2
e−2
e+3
e−3
∂E
∂D
(a) (b)
Figure 19. (a) The 4-holed sphere ∂V cut off by E2∪E. (b) The 4-holed
sphere ∂V cut off by E2 ∪E3.
In Figure 19 (a), ∂E′0 separates the 4-holed sphere into 12 rectangles, and ∂E2 appears
as 3 segments. Assigning symbols x and y to ∂E′ and ∂E′0 with appropriate orientations
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respectively, the simple closed curves ∂E2 and ∂E3 (with appropriate orientations) repre-
sents the elements xy5xy12 and (xy5)2xy2 respectively, of the free group π1(W ) = 〈x, y〉.
Let D be a disk whose boundary circle is described in the figure. The disk D intersects E
transversely in an arc, and the simple closed curve ∂D represents the element (xy5)4xy4
in π1(W ). This is a primitive element in π1(W ), see e.g. Osborne-Zieschang [21]. Hence,
D is a primitive disk in V by Lemma 2.1. We can see the disk D using Figure 19 (b) as
well. The figure illustrates the 4-holes sphere ∂V cut off by E2∪E3 instead of E∪E2. As
a consequence, setting ∆1 = {E,E2, E3}, ∆2 = {E2, E3,D}, {∆1,∆2} forms the bridge
B{D,E} connecting D and E, see Figure 20.
D E
E3
E2
Figure 20. The bridge B{D,E}.
We note that by Lemmas 2.10, 2.11 and 2.14, every bridge in D(V ) for L(12, 5) is
constructed in this way. In particular, every bridge is isomorphic to B{D,E} above.
The subcomplex P(V ) ∪ (
⋃
B B) of D(V ), where B runs over all bridges in D(V ), is
connected. Moreover, since the dual of the disk complex D(V ) is a tree, P(V ) ∪ (
⋃
B B)
is contractible. This allows us to define a tree T T (V ) as follows. The vertices of T T (V )
are the components of P(V ), and two vertices T1 and T2 of T
T (V ) span an edge if and
only if there exists a bridge B{D,E} with E ∈ T1 and D ∈ T2. See Figure 21. Note that
T T (V ) is not locally finite.
The action of the Goeritz group G on the disk complex D(V ) induces, in a natural
way, a simplical action of G on T T (V ) as well. Let B{D,E} be a bridge (so an edge of
T T (V )) connecting two tree components T1 and T2 with E ∈ T1 and D ∈ T2. In the
next section, we will show the following in a general setting:
(1) The action of G on the set of vertices (edges, respectively) of T T (V ) is transitive
(cf. Lemma 4.3).
(2) There exists an element τ of G that preserves the bridge B{D,E} but exchanges
D and E (cf. Lemma 4.7 (1)).
Let (T T )′ be the first barycentric subdivision of T T . By Lemmas 4.3 and 4.7, the
Goeritz group G acts on the set of edges of (T T )′ transitively without inverting edges,
and the two endpoints of each edge belong to different orbits of vertices under the action
of G. Hence, the quotient of (T T )′ by the action of G is a single edge with two vertices.
Now we can use the Bass-Serre theory (cf. Theorem 4.4) for this group action, and
hence, we can express G as the following amalgamated free product:
G{T1} ∗G{T1,T2} G{T1∪T2}.
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Here by G{T1}, G{T1∪T2} and G{T1,T2} we mean the isotropy subgroups of G with respect
to the vertex T1, the unordered pair of T1 and T2, and the ordered pair of T1 and T2
respectively. In the next section, we give finite presentations of these 3 subgroups (cf.
Lemmas 4.6 and 4.7). In this way, obtain a presentation of the Goeritz group G.
T2
T1
D
E
P(V ) ∪ (
⋃
B B) T
T (V )
Figure 21. The subcomplex P(V ) ∪ (
⋃
B B) of D(V ), and the tree T
T (V ).
4. The mapping class groups of the genus-2 Heegaard splittings for lens
spaces
Let G be the genus-2 Goeritz group of a lens space L(p, q) with 1 ≤ q ≤ p/2, and let
(V,W ; Σ) be a genus-2 Heegaard splitting of L(p, q). Throughout the section, we will
assume that p 6≡ ±1 (mod q), and we will fix the followings:
• A primitive disk E of (p, q)-type in V ;
• A (p, q)-shell SE = {E0, E1, . . . , Ep} centered at E;
• The unique (p, q′)-shell SC = {C0, C1, . . . , Cp} centered at C = Eq′ such that
E = Cq (cf. Lemma 2.7 (3));
• The component T1 of P(V ), which is a tree, that contains E (and so C);
• The unique bridge B{D,E} = {∆1,∆2, . . . ,∆n}, with ∆1 = {E,Em, Em+1} where
m is the integer satisfying p = qm + r for 2 ≤ r ≤ q − 2. Note that D is of
(p, q′)-type;
• The component T2 of P(V ) that contains D.
See Figure 22.
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D
B{D,E}
E0 E1 Em Em+1 Eq′ = C Ep
E = Cq
Figure 22. The primitive disks E, C, and D.
We use the above four primitive disks E, C, E1, C1 to describe the orbits of the action
of the Goeritz group G to the set of primitive pairs.
Lemma 4.1 (Lemmas 5.2 and 5.3 [8]). (1) If q2 ≡ 1 (mod p), the action of the
Goeritz group G on the set of vertices of the primitive disk complex P(V ) is
transitive. Further, the action of G on the set of edges of P(V ) has exactly 2
orbits G · {E,C} and G · {E,E1}. The two end points of each of the edges {E,C}
and {E,E1} can be exchanged by the action of G.
(2) If q2 6≡ 1 (mod p), the action of G on the set of vertices of P(V ) has exactly two
orbits G · {E} and G · {C}. Further, the action of G on the set of edges of P(V )
has exactly 3 orbits G · {E,C}, G · {E,E1} and G · {C,C1}. The two end points
of each of the edges {E,E1} and {C,C1} can be exchanged by the action of G
whereas those of {E,C} cannot.
Lemma 4.2. Let A, B be primitive disk in V . Let SA = {A0, A1, . . . , Ap} and SB =
{B0, B1, . . . , Bp} be shells centered at A and B respectively. Suppose that there exists an
element of G that maps B to A. Then there exists an element ϕ of G satisfying ϕ(B) = A
and ϕ(Bi) = Ai (i ∈ {0, 1, . . . , p}).
Lemma 4.3. The action of G on the set of vertices (edges, respectively) of T T (V ) is
transitive.
Proof. If q2 ≡ 1 (mod p), the action of G is transitive on the set of primitive disks by
Lemma 4.1 (1), which implies that G acts transitively on the set of vertices of T T (V ). If
q2 6≡ 1 (mod p), each connected component of P(V ) contains vertices of both (p, q) and
(p, q′)-types. Thus, it follows from Lemma 4.1 (2) that G acts transitively on the set of
vertices of T T (V ).
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Let B{D¯,E¯} = {∆¯1, ∆¯2, . . . , ∆¯n} be an arbitrary bridge. By Lemma 2.13, we can as-
sume without loss of generality that D¯ ∈ G · D, E¯ ∈ G · E. Let {E∗, E∗∗} ({E¯∗, E¯∗∗},
respectively) be the principal pair of E (E¯, respectively) with respect to D (D¯, respec-
tively). Then by Lemma 2.11, we have {E∗, E∗∗} = {Em, Em+1}, and also there exists
a (p, q)-shell SE¯ = {E¯0, E¯1, . . . , E¯p} centered at E¯ such that {E¯∗, E¯∗∗} = {E¯m, E¯m+1}.
By Lemma 4.2, there exists an element ϕ of the Goeritz group G satisfying g(E¯) = E
and g(E¯i) = Ei for i ∈ {0, 1, . . . , p}. Then ϕ maps the bridge B{D¯,E¯} to another bridge
ϕ(B{D¯,E¯}) = B{ϕ(D¯),E} = {ϕ(∆¯1), ϕ(∆¯2), . . . , ϕ(∆¯n)}. Since ∆1 = {E,Em, Em+1} =
{ϕ(E¯), ϕ(E¯m), ϕ(E¯m+1)} = ϕ(∆¯1) we have B{D,E} = ϕ(B{D¯,E¯}) by Lemma 2.14. This
completes the proof. 
To obtain a finite presentation of the Goeritz group G, we use the following well-known
theorem.
Theorem 4.4 (Serre [25]). Suppose that a group G acts on a tree T without inversion on
the edges. If there exists a subtree L of T such that every vertex (every edge, respectively)
of T is equivalent modulo G to a unique vertex (a unique edge, respectively) of L. Then
G is the free product of the isotropy groups Gv of the vertices v of L, amalgamated along
the isotropy groups Ge of the edges e of L.
In the following we will denote by G{X1,X2,...,Xk} the subgroup of the genus-2 Goeritz
group G consisting of elements that preserve each of X1, X2, . . . ,Xk setwise, where each
Xi will be a subcomplex of D(V ).
Lemma 4.5. (1) Let A be an arbitrary primitive disk in V . Then we have G{A} =
〈α | α2〉 ⊕ 〈β, γ | γ2〉, where α is the hyperelliptic involution of both V and W , β
is the half-twist along a reducing sphere, and γ exchanges two disjoint dual disks
of A as described in Figure 23.
(2) Let {A,B} be an edge of the primitive disk complex P(V ). Then we have G{A,B} =
〈α | α2〉. If the two end points of the edge {A,B} can be exchanged by the action
of G, then we have G{A∪B} = 〈α | α
2〉 ⊕ 〈σ | σ2〉, where σ is an element of G
exchanging A and B. Otherwise, we have G{A∪B} = 〈α | α
2〉.
(a)
W
B′
∂A
A′
pi
α = α′
(b)
W ∂A
A′
pi
β
(c)
W
B′ A′
∂A
pi
γ
Figure 23. Generators of G{A}.
Lemma 4.6. (1) If q2 ≡ 1 (mod p), we have G{T1} = 〈α | α
2〉 ⊕ 〈β, γ, σ1, σ2 |
γ2, σ1
2, σ2
2〉.
(2) If q2 6≡ 1 (mod p), we have G{T1} = 〈α | α
2〉⊕〈β1, β2, γ1, γ2, σ1, σ2 | γ1
2, γ2
2, σ1
2, σ2
2〉.
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Proof. (1) Suppose q2 ≡ 1 (mod p). Since the argument is almost the same as Theorem
5.7 (2)-(c) in [8], we explain the outline. A local part of T1 containing vertices E, C, E1
and C1 is illustrated in Figure 24 (a).
(a)
E1
C1
E = Cq
C = Eq
Ep−1
Cp−1
Cp−q
Ep−q
(b)
E
C
(c)
{E,C} E {E,E1}
Figure 24. (a) The tree component T1. (b) The tree T
′
1 . (c) The quo-
tient T ′1/G{T1}.
Let T ′1 be the first barycentric subdivision of T1, which is described in Figure 24 (b).
By Lemma 4.1, the quotient of T ′1 by the action of G{T1} is the path graph on three
vertices as illustrated in Figure 24 (c). By Theorem 4.4, we can express G{T1} as the
following amalgamated free products:
G{T1} = G{E∪C} ∗G{E,C} G{E} ∗G{E,E1} G{E∪E1}.
By Lemma 4.5, we obtain the required presentation.
(2) Suppose q2 6≡ 1 (mod p). In this case, the argument is almost the same as Theorem
5.7 (2)-(d) in [8]. A local part of T1 containing vertices E, C, E1, and C1 is illustrated
in Figure 25 (a).
(a)
E1
C1
E = Cq
C = Eq′
Ep−1
Cp−1
Cp−q
Ep−q′
(b)
E
C
(c)
{C,C1} C E {E,E1}
Figure 25. (a) The tree component T1. (b) The tree T
′
1 . (c) The quo-
tient T ′1/G{T1}.
Let T ′1 be the tree obtained from T1 by adding the barycenter of each edge in G ·
{E,E1} ∪ G · {D,D1}). See Figure 25 (b).
By Lemma 4.1, the quotient of T ′1 by the action of G{T1} is the path graph on four
vertices as illustrated in Figure 25 (c). By Theorem 4.4, we can express G{T1} as the
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following amalgamated free products:
G{T1} = G{D∪D1} ∗G{D,D1} G{D} ∗G{E,D} G{E} ∗G{E,E1} G{E∪E1}.
By Lemma 4.5, we obtain the required presentation. 
Lemma 4.7. (1) If q2 ≡ 1 (mod p), we have G{T1∪T2} = 〈α | α
2〉 ⊕ 〈τ | τ2〉 and
G{T1,T2} = 〈α | α
2〉, where τ is an element of G that exchanges D and E.
(2) If q2 6≡ 1 (mod p), we have G{T1∪T2} = G{T1,T2} = 〈α | α
2〉.
Proof. We first show that G{T1,T2} = 〈α | α
2〉 in both cases. Let ϕ be an element of
G{T1,T2}. Since B{D,E} is the unique bridge connecting T1 and T2, ϕ preserves B{D,E}, so
D and E. By Lemma 2.11, ϕ preserves the shell SE. Further, since m + 1 < p/2, we
have ϕ(E) = E and ϕ(Ei) = Ei (i ∈ {0, 1, . . . , p}) by Lemma 2.11. Let E
′ be the unique
dual disk of E disjoint from E0, and let E
′
0 be the unique semi-primitive disk disjoint
from E. It follows from the the uniqueness of the shell that we have then ϕ(E′) = E′
and ϕ(E′0) = E
′
0. Since {E,Em, Em+1} is a triple of pairwise disjoint disks cutting V
into two 3-balls, if ϕ is orientation-preserving on E, then so is on each of Ej, E
′ and E′0.
Then by Alexander’s trick, ϕ is the trivial element of G. If ϕ is orientation-reversing on
E, then so is on each of Ej , E
′ and E′0. In this case, again by Alexander’s trick, ϕ is the
hyperelliptic involution α.
In the remaining of the proof, we consider the group G{T1∪T2}. If q
2 6≡ 1 (mod p), there
exists no element of G that maps E to D by Lemma 2.13. Thus, we have G{T1∪T2} =
G{T1,T2}, which is our assertion. If q
2 6≡ 1 (mod p), then by Lemmas 2.13 and 4.2 there
exists an element τ of G such that τ(D) = E and ϕ(Di) = Ei (i ∈ {0, 1, . . . , p}). By
Lemmas 2.10, 2.11 and 2.14, we have τ(E) = D and ϕ(Ei) = Di (i ∈ {0, 1, . . . , p}).
Thus, τ is in G{T1∪T2}. Now we give orientations on D, Dm and Dm+1 so that they come
from an orientation of a component V ′ of V cut off by D∪Dm∪Dm+1. We then can give
orientations on E, Em and Em+1 so that they come from an orientation of a component
τ(V ′) of V cut off by E ∪Em ∪Em+1. Under these orientations, both τ |D: D → E and
τ |E : E → D are oreintation-preserving. This implies that τ
2 = 1 ∈ G. Therefore, we
have G{T1∪T2} = 〈α | α
2〉 ⊕ 〈τ | τ2〉. 
Theorem 4.8. Let G be the genus-2 Goeritz group of L(p, q) with p 6≡ ±1 (mod q).
(1) If q2 ≡ 1 (mod p), the group G can be expressed as the amalgamated free product
G{T1} ∗G{T1,T2} G{T1∪T2} and it has the following presentation:
〈α | α2〉 ⊕ 〈β, γ, σ1, σ2, τ | γ
2, σ1
2, σ2
2, τ2〉.
(2) If q2 6≡ 1 (mod p), the group G can be expressed as the HNN-extension G{T1}∗G{T1,T2}
and it has the following presentation:
〈α | α2〉 ⊕ 〈β1, β2, γ1, γ2, σ1, σ2, υ | γ1
2, γ2
2, σ1
2, σ2
2〉.
Proof. (1) Let (T T )′ be the first barycentric subdivision of T T . By Lemmas 4.3 and
4.7, the Goeritz group G acts on the set of edges of (T T )′ transitively, and each edge is
invertible under the action of G. Thus, the quotient of (T T )′ by the action of G is a single
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edge with two vertices. By Theorem 4.4, we can express G as the following amalgamated
free product:
G = G{T1} ∗G{T1,T2} G{T1∪T2}.
By Lemmas 4.6 and 4.7 we obtain the required presentation.
(2) By Lemmas 4.3 and 4.7, the Goeritz group G acts on the sets of vertices and edges
of T T transitively without inverting edges. Thus, the quotient of T T by the action of
G is a single edge with one vertex. By Theorem 4.4, we can express G as the following
HNN-extension:
G = G{T1} ∗G{T1,T2} .
By Lemmas 4.6 and 4.7 we obtain the required presentation. 
5. The space of Heegaard splittings
Let M be a closed orientable 3-manifold and Σ be a Heegaard surface in M . The
space H(M,Σ) of Heegaard splittings equivalent to (M,Σ) is defined to be the space
of left cosets Diff(M)/Diff(M,Σ), where Diff(M) denotes the diffeomorphism group of
M , and Diff(M,Σ) denotes the subgroup of Diff(M) consisting of diffeomorphisms that
preserve Σ setwise. The space H(M,Σ) can be regarded as the space of images of Σ
under diffeomorphisms of M . Note that π0(H(M,Σ)) is exactly the set of Heegaard
splittings equivalent to (M,Σ). By MCG(M) and MCG(M,Σ), we denote the groups of
path components of Diff(M) and Diff(M,Σ) respectively.
In [17] , Johnson and McCullough showed the following:
Theorem 5.1 ([17]). Let Σ be a genus-2 Heegaard surface of M .
(1) For each integer q greater than 1, the natural map πq(Diff(M))→ πq(Diff(M,Σ))
is an isomorphism.
(2) There exists the following short exact sequence:
1→ π1(Diff(M))→ π1(H(M,Σ))→ G(M,Σ)→ 1,
where G(M,Σ) denotes the kernel of the natural map MCG(M,Σ)→ MCG(M).
By Theorem 5.1 (1), for any q ≥ 2, the study of πq(Diff(M,Σ)) is nothing else but
that of πq(Diff(M)). The following is a direct application of our result on the finite
presentability of the Goeritz groups of genus-2 Heegaard splittings of lens spaces.
Theorem 5.2. Let L be S3 or a lens space L(p, q), where 1 ≤ q ≤ p/2. For a genus-2
Heegaard surface in L, π1(H(L)) is finitely presented (up to the Smale Conjecture for
L(2, 1) when L = L(2, 1)).
Proof. Since the group MCG(L) is finite for any L by Bonahon [2], the group G(L,Σ)
is isomorphic to the genus-2 Goeritz group of L up to finite extensions. By the Smale
Conjecture, proved to be correct for all L except L(2, 1) in [13] and [14], π1(Diff(L)) =
Z/2Z if L = S3, π1(Diff(L)) = (Z/2Z) ⊕ (Z/2Z) if L = L(2, 1), π1(Diff(L)) = Z if
L = L(p, 1) (for odd p ≥ 3), π1(Diff(L)) = Z ⊕ (Z/2Z) if L = L(p, 1) (for even p ≥ 3),
and π1(Diff(L)) = Z⊕Z otherwise. Thus, in particular, π1(Diff(L)) is finitely presented
for any L. Now, the assertion follows from the short exact sequence in Theorem 5.1
(2). 
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